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Z-DONUSUM

Surekli zamanli sinyallerin zaman alanindan frekans alanina gecisi Fourier ve
Laplace donusumleri ile mumkun olmaktadir.

Laplace, Fourier donusumunun genel bir seklidir.

Ayrik zamanlh sinyaller icin de ayrik zamanl Fourier donusumileri
kullaniimaktadir.

z donusum de ayrik zamanl Fourier donusumunun genel bir seklidir.
Ayrik zamanli f(n) sinyalinin (veya dizinin) z dontisumu asagidaki gibi ifade edilir.



Basic Concepts

Consider a sequence of values: {x, : k=0,1,2,... }

These may be samples of a function x(t), sampled at instants t = KT; thus X, =
X(KT).

The Z transform is simply a polynomial in z having the x, as coefficients:

X (2) = Z4{x, } = i:xkz_k



Z-Transform

Fourier Transform
X (e j"")z > x|nje”wn
N=—o0

z-transform

oo

X(z)= D> x[nfz™"

N=—oo



Bilateral - Unilateral

Two sided or bilateral z-transform

oo

X(z)= D> x[nfz"

N=——o0

Unilateral z-transform

X (z)= i) x|n]z—"



Z-Donusumu

Ayrik deger ve indisleri birlikte verilir.

Indisler positif ise Usler negatif; indisler negatif ise Usler
pozitif.

Indisler sirali alinir. ..., -5,-4,-3,-2,-1,0,1,2,3,...
Olmayan indislerin garpim katsayilari sifir alinir. Diger
katsayilar oldugu gibi alinir.



Example of z-transform




Unit Step Signal - continued

A little bit of math ...

l+a+a® +...+a" = A—a)y@+a+a*>+...+a")
1—a
_1_an+1
- 1—a
Nn—>o00,  assuming lal<1,
1ia+a?+. . . —Ilim (1—a)(l+a+a®+...+a")
o n—oo 1_a
i 1_an+1
= lim
n—o 1 —a
1
l1—a
_ 1 —2 3 1
Ugen(Z)=1+z27 +2Z27° +277 + ... —
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Z-Doniisiim Ozellikleri



What does “Linear” mean exactly?

» Scaling

« Superposition

u(k] y(k)

AU (k) Ay (k)

U, (k)

y1(K)

Uy(K) ya(K)

U, (k)+u, (k) Y1 (K)+y,(K)



Time Invariance

AN

u'(k)=u(k-n y' (k)=y(k-n)

ldiom:
u(k-n) is u(k) delayed
by n fime units!




Properties of the Z-Transform
* Linearity: ax,[nN]+bx,[n] < aX,[z]+DbX,[z]

Proof:
Z{ax, [N]+bx,[N]} = > (@x,[n]+bx,[NDz " = > ax,[n]z" + > bx,[N]z" = X, [z]+ X ,[Z]

N=—oo N=——oo N=—oo

. Time-shift: X[N—ne]1 <z ™X|[Z]

Proof:

ZX[N —ny1} = i X[n—ng]z™" = i x[m]z (m+no)

N=—oo mMm=—oo

_ iﬂ,x[m]z‘mz—no =z " i‘,x[m]z‘m =z ™ X|[z]

M=—oo M=—oo

What was the analog for CT signals and the Laplace transform?

- Multiplication by n:  nx[n] < —z d>;[z]
z
Proof: "
X(z)= > _x[n]z™"
dX (2) dX (2)

= —n i x[n]z™"" = —z =n i x[n]z™" = Z{nx[n]}

dz i dz i



Zamanda Kaydirma
Indisin 0 oldugu yerin kaydiriimasi

x(n — ng) sinyalinin z-dontistimii X (z)z ™ ™ dir.
Ornek: x(n) = {1,2,5,7,0,1} ise

a)x;(n) =x(n+ 2)1‘

b)x,(n) = x(n — 2)

sinyallerinin z-déniistiimiini bulunuz.

a) X1(2) = X(2)z*
X(z)=2z°+2z+5+7z"1+=z1
X, (2)=z*+2z3+5z2+7z +z1

b)  Xa(z) = X(z)z™*
=142z 1 45z247z734z75



Time Domain

Z Domain

u(k)

U(z)

Convolution

V(z)

(multiplication)

y(K)



Evrisim - Konvalizasyon

Ornek: Asagidaki ayrik zamanl sinyallerin evrisimini bulunuz.

X, (n) = {1,-2,1} x (1) * xo ()
o = X, (X, (2)
1, 0=n<5

xz(n) = {0, diger

Coziim 1: x;(n)in z-donistumiu

X(z)=1—-2z"1+2z77?

Xxz(n)in z-dontistimii

X,(2) =14z 4z 2472347744275

X(z2) = X1(2)X2(2) =

(1—-2z14+z2Y1—zt+z2+z3+2z7%+27°)
=1—z 147264777

Ters z-dontisiim alimirsa x(n) = {1,—1,0,0,0,0,—1, 1}

Coziim 2: x,(n) ile x,(n) sinyallerinin evrisimi

n: 0 2 3 4 5 6 7

Xz(n) 1 £, 4 1 1 0 0

X 4. 2 = ;b F b b F

TR ONE

1 -2 1 ; : | | : |

-2 £ X(D=1 : ; : |

1 2 1 : ! Lo !

i 2 1 x@=0 ! i

. o2 . F  n n

i = 1 X(3)=0 ! | |

T G

1 -2 1 x(#)=0; |

- 1 ; ;

1 -2 1 x5)=0 E

1 :

X1 () * x2 () BB =

= X,(2)X,(2) r B B x@H=t
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Region of Convergence
(ROC)



Kutuplar ve Sifirlar

Bir z-déniisimuniin kutuplari, o z-dénisimini Ornek: X(z) = T——7 fonksiyonunun kutup ve sifirlarim bulunuz.
sonsuza QO’EUFe"n z degerleridir. S Coziim: X (z) fonksiyonunun pay ve paydasmi z ile ¢carpalim
Bir z-donusumunun sifirlari, o z-donusumunu
sifira gotiiren z degerleridir. s X)) =2
T zZ—a
Sifirr z=0 ——— X(z)=0
Kutup:z=a ——— X(z)=o

X (z) fonksiyonunun kutup-sifir grafigini ¢iziniz.

F sanal
N
[ %
||\ 4 -+ » Gercel
X: Kutup h /r_z"
0: Sifir R




Z-Transform

* Region of Convergence (ROC)
In general, the z-transform is an infinite sum! This means it
(the z-transform) may not exist for all values of z. More
specifically, it is the value of r = |z| that is important. If

X(n) = (0.5)"u(n), then

L X(z)—Z(O5)” -
Z-plang

1 lif|zZ|>0.5!
(052_1)n [Dngvflly_]
n
A : ,

\J | 0.5

ROC

Mg I

I
Q

T 1_05z1
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Z-Transform
* Region of Convergence

Here's what the ROC can look like:

|z]<a b<|z] b<|z|<a

all |z]

20



Z-Transform Yakinsama Bolgesi

Ornek: Asagidaki dizilerin z-déniisiimiinii hesaplayiniz
ve yakinsama boélgesini bulunuz.

a) x(n)=1{1,2,5,7,0,1}
n=a0

[ea]

X(z) = Z x(nN)z"=X(z)=2z2+2z+5+7z" 1 +2z73

Mn=—aco

X(z) z = 0 ve z = oo degerleri icin tamimsiz olmakta, diger biitiin
z degerleri icin sonlu olmaktadir. O halde yakinsama bolgesi,

z=0 ve z=co haric biitlin z diizlemidir.



More on ROC

« Example: X[n] = —a"u[—n —1]

X (2) = i(— a"u[-n—1])z " = — _Zl(a_lz)n

N—=——oo

:1_1—(a_1z)°° _
1—a 'z
" ‘a‘lz‘ <1, or, |z| < |4
1 1—a 'z
X(Z)_l_l—a_lz 1-—alz
_—a'z
1—alz
B 1
1—az?
z
- z—a

The z-Transform is the same, but the region of convergence is different.

(left — sided signal)

N—=——oo

Irre

? “Unit Circle
Z-plane
1 MR.e
1—a ‘'z




Properties of the ROC (Cont.)

« If Xx[n] is a two-sided sequence, and if [z| = ryis in the ROC, then the ROC consists of aring in the z-plane
including |z| = r,.
Irrz

Z-plane

R

right-sided
x[n]=b/" b=>=o0
« Example:
X[Nn] = b"u[n] + b "u[—n]
1
b"u[n z| > b
—1 1
b™"u[—n—1 zZ| < —
L 1 < 1—b?*'z1 7| < b
X (2) = 1 + —1 l<|z|<b

9

Z-plane

left-sided

R.e

two-sided

artfiis, Morsentll

g
Unit circle




Example: Determine the z-transform of the following signals

(@ x[n]=[1, 2, 5, 7, 0, 1]
Solution: X(z) =1+ 2z1+ 522+ 723 + z>
ROC: entire z plane exceptz=0

(b) y[n] =[1, 2,5, 7, 0, 1]

Solution: Y(z2)=2z2+2z2+5+ 721+ 73
ROC: entire z-plane except z =0 and z = .

(c) z[n]=10,0,1,2,5,7,0, 1]
Solution: z2 + 223+ 524+ 7z° + 27 ROC: all z except z=0

24
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Block Diagram Manipulation



Example 1: Running Average Algorithm

_ X X g X 5+ X3 (Non-Recursive)
Yk = )
1+z't'+z2?2+2z2° z° + 27
Y(z)= X(2) = X (2) ;'_ z+1 Z Transform
4 4z
Block Diagram Transfer Function
Xy X e Ky = Xy
X(=) 1z 1z 1z | ¢ Y() z3 + 22 4+ 7241
— (7)) =
X 4z*

-+
+

\L, 1 ¥i=)

4 | ¥

Note: Each [Z1] block can be thought of as a memory cell, storing the
previously applied value.



Example 2: Trapezoidal Integrator
T .
Y = Y1 + [Xk -+ Xk_l]z (Recursive)
Y(Z)— y4 1Y(Z)+[X(z)—|— Z 1X(z)]T Z Transform
1+ z+ z+1
Y(2)=x (@) 1 | T - x@f 2115

Block Diagram

Transfer Function

Xiz) » T ¥i=)
Tt + Y T 1
| j—*z—i — (z): [z+}

X(z) 2|lz-1

~
N
~




Ex. 2 (cont) Block Diagram Manipulation

Intuitive Structure

Equivalent Structure

X(Z)

X{z) >

|-

L
1
—

M|
\

41 ¥iZ)

L

xX(z) >

n| -

[, ]

¥i=z)

Explicit representation of x,_; and y, ;
has been lost, but memory element
usage has been reduced from two to
one.



Ex. 2 (cont) More Block Diagram Manipulation

—3 T > b

x(z) | T - ¥(z)
z Xi(z) - %
+:é:+

x(z) % | s X ¥z
= -1

xiz) »| L

—T (=Z) =

Y(z) T [z +1
X(z) 2|lz-1

Lt vz

X
N
y

v

+ > 1
z" *=L Y(z) Z ‘
X{=z) —+-<%>+—» F + = b YD)

Note that the final form is equivalent to a rectangular integrator with an additive
forward path. In a Pl compensator, this path can be absorbed by the
proportional term, so there is no advantage to be gained by implementing a

trapezoidal integrator.




Inverse Z - Transform



Polinom Bolumu ve Genisletme Metodu

Burada, pay ve payda z™,z" 1, z" 2 veya z 1,z %,z ° seklinde yazilarak,
uzun bolme islemi yapilir ve elde edilen bélme sonucunun ters z

dontistimii alinir.



Inverse z Transtform Example

Find the inverse z transform of

z Z
z—05 z+2
Right-sided signals have ROC’s that are outside a circle and

X(z)=

, 0.5<|z|<2

left-sided signals have ROC’s that are inside a circle. Using

zZ 1

o ul[n]«< S T T o z| > ||
1
—otu[—n—1]«2t 5= = :
orul-n—1]eE s []<o]
We get
(0.5)" u[n]+(—2)'u[-n—1]«2>X(z)=————=_ | 05<]|z|]<2

z—05 z+4+2

32



Inverse z Transtform Example

Find the inverse z transform of

z .z
z—05 z+2
In this case, both signals are right sided. Then using

X(z)=

z|>2

°

zZ 1

n , Z « —
“ u[n]\ “z—o 1—az

N g o1

We get

[(0.5)" —(=2)" Ju[n]«2—X(z)=— ZZ ,

33




Inverse z Transtform Example

Find the inverse z transform of

Z __Z
z—05 z+2
In this case, both signals are left sided. Then using

X(2)=

Z|<O.5

>

z 1
Z— 1—oz

— o' u[—n—1]«*%—

r -l <le

We get

~[(0.5)" = (=2)" Ju[-n—1]<~ >X(2) = = —ZZ

34
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An Example — Complete Solution

3z° —-14z+14

U(z)= U(z)=c, + L+
(2) 7?2 —6z+8 (2) ° —2 z—4
2_
Co = limU(z) = lim>2_—14z+14 _ 4
z—>o0 zow 75 —6Z2+8
3z2 —14z+14
—(z—2
U2(2)=(z ) z? —6z+8 _u (2)_3-22—14-24—14_]
_32° _14z+14 =Yl = >_ 24 =
z-4
3-42 -14-4+14
2 = U 4) = =3
U3(z):(z—4)322 14z +14 C, s(4) 2 5
Zz°-—6z+8
3z —-14z+14
- z-2
1 3 U (k) 3. k=0
Uz)=3+_—F5+_— |2 +3-4", k>0
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Solving Difference Equations



Solving Difference Equations

The unilateral z transform is well suited to solving difference
equations with initial conditions. For example,

y[n+2]- gy[n+1]+%y[n]=(1/4)” , forn=0

y[0] =10 and y[1]=
z transforming both sides,

2[¥(2)- y[0]- z*y[1] ]- S2[¥(2)- y[0] J+5 ¥(2) =

the initial conditions are called for systematically.

Z - 1/4

37



Solving Difference Equations

Applying initial conditions and solving,

Y(z)zz[ 16/ 3 N 4 +2/3]
z-1/4 z-1/2 =z-1

ol -[2(3) +a(2) +2]ut

This solution satisfies the difference equation and the initial
conditions.

and

38



Transfer Function



z-Transform Properties

An LTI system has a transfer function
Y(z)  z-1/2
X(z) Z-z+2/9
Using the time-shifting property of the z transform draw a
block diagram realization of the system.

Y(2)(z2- z+2/9)=X(2)(z- 1/2)
zZ2Y(2)=zX(2)- (1/2)X(2)+zY(2)- (2/9)Y(2)
Y(2)=z"X(2)- (1/2)z? X(2)+z*'Y(2)- (2/9)z?Y(2)

H(z) = |zl =27/3

40
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Matlab

 ztrans(f) finds the Z-Transform of f. By default, the
Independent variable is n and the transformation variable Is
z. If f does not contain n, ztrans uses symvar.

Mathematical MATLAB Command

Operation

limx—0f(x) limit(f)

limx—af(x) limit(f, x, a) or
limit(f, a)

limx—a—f(x) limit(f, x, a, 'left’)

limx—a+f(x) limit(f, x, a, 'right’)



Matlab - Ornekler

clc
clc clear all clc
clear all close all clear all
close all syms z K close all
f=0.5.7k; syms z k
x=[92345]; a=ztrans(f) F=z/(z-0.5);
b=0; pretty (a) a=iztrans(F,k)
n=length(x); a=1zl(z- 1/2) pretty(a)
y=sym('z’); _ A
fori=1:n . a= (1k/2) Kk
b=b+x(i))*y*(2-);
end z-1/2 (1/2)
display(b);

b=2/z+3/z"2 + 4/z"3 + 5/z"4 + 9



These slides were gathered from the presentations published on the internet. | would like to thank
who prepared slides and documents.

Also, these slides are made publicly available on the web for anyone to use

If you choose to use them, | ask that you alert me of any mistakes which were made and allow me
the option of incorporating such changes (with an acknowledgment) in my set of slides.

Sincerely,

Dr. Cahit Karakus
cahitkarakus@esenyurt.edu. tr
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